CONVEXITY AND SINGULARITIES OF CURVATURE 
EQUATIONS IN CONFORMAL GEOMETRY 



MATTHEW J. GURSKY AND JEFF VIACLOVSKY 



Abstract. We define a generalization of convex functions, which we call (5-convex 
functions, and show they must satisfy interior Holder and W 1,p estimates. As an 
application, we consider solutions of a certain class of fully nonlinear equations in 
conformal geometry with isolated singularities, in the case of non-negative Ricci cur- 
vature. We prove that such solutions either extend to a Holder continuous function 
across the singularity, or else have the same singular behavior as the fundamental 
solution of the conformal Laplacian. We also obtain various removable singularity 
theorems for these equations. 



Our goal in this paper is to understand the behavior of solutions to certain geo- 
metric PDEs with isolated point singularities. Since the relevant equations are fully 
nonlinear we impose an additional condition on our solutions, known as admissibility, 
which guarantees that the resulting equations are elliptic. Although the solutions 
are defined on deleted neighborhoods of Riemannian manifolds, in the course of our 
analysis we are naturally lead to the study of functions locally defined on Euclidean 
space which satisfy a certain convexity condition. This notion of convexity is weaker 
than the more familiar one of /c-convexity, and has the additional advantage of being 
a linear condition. 

Let us begin by recalling some basic definitions. For 1 < k < n, denote by cr fe : 
R n — > R the k-th elementary symmetric polynomial, and T ak C R n the component 
of {x G R n |cr fc (x) > 0} containing the positive cone {x G R n |xi > 0, ...,x n > 0}. A 
function u G C 2 (Q), where Q C R™ is open, is k-convex in Q if 



at each point in £7. This condition naturally arises in the study of the Hessian 
equations 



In particular, (|1.2|) is elliptic provided u is fc-convex; see |Gar59j . [CNS85J, and 
TW99j. for example. 

To introduce our new notion of convexity we need to define a family of nested cones 
T s C R n : 



1. Introduction 




D 2 u G r, 
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Definition 1.1. Let 5 G R. The n-tuple A = (Ai, . . . , A n ) G T$ if and only if 

n 

(1.3) X i >-S^2\ j Vl<i<n, 

and we define T$ to be the closure ofT$. 

Note that Ts 1 C T$ 2 whenever S\ < 62, and also that if A G Tg for 5 > —1/n, then 



;i.4) J> >0 - 



i=l 



Definition 1.2. Let W G C 2 (Vi), where Vl C R n is open. We say that W is strictly 
8 -convex in Q if 

(1.5) D 2 W G T s 
at each point in Q, and W is 5-convex in Q if 

(1.6) D 2 W G T s 
at each point in Q. 

For k > n/2, a fc-convex function is 5-convex for 5 = n ?^_i\ ■ This fact is implicit 
in the work of Trudinger-Wang |TW99j . where they proved a priori estimates for k- 
convex functions. However, they did not express it in these terms. Our main results 
about 5-convex functions are corresponding Holder and W l ' p estimates: 

Theorem 1.3. Let < 5 < C R" be open, and assume W G C 2 (fi) is 

5-convex. Then on any domain Q' CC Q, W satisfies 



n(l+S) 



(1.7) 11^11^(00 < Ci / \W\, 

Jn 

where 

and C\ depends only upon Q', Q, and 5. Furthermore, for p < ps — , n _ { uS . 

(1.9) ( / \VwA <C 2 [ \W\, 

and Ci depends only upon Q', Q, and p. 

Remark 1.4. Theorem ll.3l is a generalization of the classical theorem stating that con- 
vex functions are Lipschitz |KG92| Chapter 6]. For /c-convex functions, the constants 
simplify to 7 = 2 — n/k and p$ = -^K, and our estimates agree with the estimates of 
Trudinger and Wang TW99 . While the proof of Theorem II .31 is based on the work of 
Trudinger-Wang, we emphasize that only the condition of 5-convexity is used, which 
is weaker than fc-convexity. 
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1.1. Conformal Geometry. We now turn to the fully nonlinear equations in confor- 
mal geometry which motivated this work. To begin, let (M n ,g) be a smooth, closed 
Riemannian manifold of dimension n. We denote the Ricci tensor of g by by Ric and 
the scalar curvature by R. In addition, the Weyl-Schouten tensor is defined by 

(1-10) A = —L^fRic- 1 Rg 

(n — 2) V 2{n — 1) 

A is a symmetric (0, 2)-tensor; using the Riemannian metric we can associate the 
dual tensor of type (1, 1) denoted g~ 1 A. In classical language, g~ x A is obtained from 
A by "raising an index." The tensor g~ l A can also be viewed as a symmetric linear 
transformation of the tangent space at each point; thus it has n real eigenvalues. 

Let g u = e~ 2u g be a conformal metric and let A u denote the Weyl-Schouten tensor 
of g u . In this paper we will consider singular solutions of equations of the form 

(i-ii) Hg^Au) = f(x), 

where F is a real-valued function of n-variables, F{g^ L 1 A u ) means F applied to the 
eigenvalues of g~ l A u , and f(x) is a given function. Since A u is related to A by the 
formula 

(1.12) A u = A + V 2 u + du <g> du - ^\Vu\ 2 g 

(see [Via02 ), in general (Jl.llj) will be a fully nonlinear equation of second order. 
An example of particular importance is when F = <y]J k : 

(1-13) °l /k (9u 1 A u ) = f(x). 

Following the conventions of our previous papers |G V04aj . |GV04b| we use g (not g u ) 
to raise the index in A u . That is, we interpret A u as a bilinear form on the tangent 
space with inner product g (instead of g u ), and understand crfc(-) to mean 07. applied 
to the eigenvalues of g -1 ^. Using this convention, equation ()1.13|) becomes 

(1.14) al /k (A u ) = f(x)e- 2 \ 
or, by (HH, 

(1.15) o-l /k (A + V 2 u + du®du- ]^\Vu\ 2 g) = f(x) e - 2u . 

Note that when k = 1, then cr^g^A) = trace(A) = 2 (n-i) ^- Therefore, (|1.15|) is the 
scalar curvature equation. 

As in the example of the Hessian equations (jl.2J) . given an open set Q C M n and 
a solution u £ C 2 (Q) of ()1.15|) . u is an elliptic solution if the eigenvalues of A u are in 
at each point of Q. 

As we observed above, if A u £ Y (Tk then A u £ T$ for some 5 = 5(k, n) > 0. Given 
an open set Q C M n and u £ C 2 (Q), if the eigenvalues of A u are in at each point 
of Q, we then say that u is strictly 5-admissible in Q; if the eigenvalues are in the 
closure T$, then we say that u is 5-admissible in Q. 

It turns out that 5-admissibility has an important geometric consequence: If the 
eigenvalues of the Schouten tensor A g are in T$ at each point of M n , then ()1.4|) for 
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5 > — 1/n implies the scalar curvature of (M n ,g) is positive, while ()1.3|) for 5 < 
implies the Ricci curvature is positive. In fact, 

(1.16) Ric g -[l + {2-n)S]ai(Ag)g>0. 

This fact is crucial in our analysis. 

When considering the more general equation (jl.llj) we need to impose various 
structural conditions on the function F and its domain. Suppose 

(1.17) F : T C R n -> R 

with F G C°°(r) fl C°(r), where V C R n is an open, symmetric, convex cone. In 
addition, we assume 

(i) F is symmetric, concave, and homogeneous of degree one. 

(ii) F > in T, and F = on dT. 

(iii) F is elliptic: F\.{\) > for each 1 < i < n, A G T. 

(iv) T D r CTn , and there exists a constant < 5 < such that Y C T^. 
For F satisfying (i) — (iv), consider the equation 

(1.18) F{A U ) = f(x)e~ 2u . 

Given an open set fl C M n and a solution w G C 2 (Q) of ()1.18jl . w is an elliptic solution 
if the eigenvalues of A u are in V at each point of Q. We then say that u is strictly 
T-admissible (or just strictly admissible) . By (iv), any strictly T-admissible solution 
is strictly 5-admissible. We will also be interested in solutions of 1)1.18)1 with f(x) > 
and A u G T. In this case equation (J1.18)) may be degenerate elliptic; correspondingly 
we say such solutions are T-admissible (or just admissible) , and therefore 5-admissible. 
Some examples of interest are 

Example 1. Let 

(1.19) F(A U ) = al /k (A u ) = f(x)e~ 2u 

with T = T Uk , k > n/2. Since k > n/2, by |(jVWQ3 j we find that the eigenvalues of 
A u satisfy inequality (jl.3)) with 

o<^= n r\< 1 



n(k — 1) n — 2 
Example 2. Let 1 < I < k and k > n/2, and consider 
(1.20) F(A U ) = (^4)^ = f(x)e~ 2 \ 

In this case we also take V = T ak . 
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Example 3. For r < 1 let 



A T = Ric - — -Rg , 

(n-2)V 2(n-l) y /' 

and consider the equation 

(1.21) F(A u )=al /k (Al) = f(x)e- 2u . 
By ()1.12|) . this is equivalent to the fully nonlinear equation 

<r l k ,k (A T + V 2 u + ^—^(Au)g + du®du- ^^|Vu|V) = f{x)e~ 2u . 

In the Appendix of |GV04bj we showed that the results of GVW03J imply the ex- 
istence of r = r (n, k) > and Sq = 5(k,n) < -^r, so that if 1 > r > r (n, k) and 
Ag G T ak with k > n/2, then A g e with 5 = 5o. When we refer to this example, 
we will tacitly make the assumption that k > n/2 and 1 > r > To(n, k). 

In this paper we study solutions of (|1.18|) with isolated point singularities. Thus, 
we assume u is a solution of (jl.lSJ) in Q = B(0, r ) \ {O}, and attempt to understand 
the behavior of u(x) as x — > O. 

Theorem 1.5. Let u G C 4 (f2) be an admissible solution of Al.lfy) in Q = B(O,r ) \ 
{O}, with f(x) = near O. 

(0 // 

(1.22) liminfM(x) > — oo, 

x— >0 

then u can be extended to a Holder continuous function u* G C 7 (5(0, r )) ; with 

l + (2-n)S 

(1.23) 1= l + S~' 
(ii) // 

(1.24) liminf u{x) = — oo, 

then there is a constant C > such that for all x G Q, 

(1.25) 21ogd(x) -C < u{x) < 21ogrf(x) +C. 

Remark 1.6. In view of Proposition 14. II below (which only uses the sign of the scalar 
curvature), a singular solution is necessarily bounded from above. 

Remark 1.7. In case u satisfies fll,19|) or (jl.20j) (in particular, when V = T ak with 
k > n/2), then 

(1.26) 7 = 2-n/A;>0. 

If u satisfies (jl.21j) with k > n/2 and r > r = 2 ( n ~ k ^ ; then 
(n-2)(2k -2n + nr) 
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Remark 1.8. We have a stronger statement of Theorem 11.51 in the locally conformally 
flat case; see Theorem 11.171 b elow . 

Remark 1.9. It is instructive to compare Theorem II. 51 (i) with the recent classification 
of radial solutions of the o^-curvature equations carried out by Chang-Han- Yang 
|GMY()5| . When k > n/2 they show the existence of a solution to (OHjl in C 2 ~ n/k {S n ), 
but whose second derivative blows up at an isolated point. Therefore, Theorem 11.51 
(i) is optimal. 

Remark 1.10. To provide some context for the conclusions of part (ii) in Theorem 1 1.51 
consider the case of the sphere with the round metric (S n ,go). Fi x a point O G S n , 
and let G denote the Green's function for the conformal Laplacian L with pole at O. 
G satisfies 

LG = on S n \{0}, 
G{x) ~dist(x,0) 2 - n . 

4 

The the conformal manifold (S n \ {O}, G(™- 2 ) g ) is actually isometric to Euclidean 

2 

space; consequently the function u = —-, r logG satisfies 

(n - 2) 

F(A Q + V 2 m + du®du- -|Vw| 2 5- ) = 

on S n \ {O}. Thus, (I1.25J) says, in essence, that a solution of f)l. 18|) with isolated 
singularity must blow up at the same rate as the fundamental solution of the conformal 
Laplacian. In fact, using the results from Section 7 of [GV04E], it is possible to 
show that (jl.25j) implies furthermore that the background metric is the Euclidean 
metric, and u(x) = 21ogr + C. We omit the details, but the main idea is to look at 
(M n \ {0},g u ) as a complete manifold with non-negative Ricci curvature outside of 
a compact set. An adaptation of the arguments in Section 7 of GV04bJ imply that 
the end is asymptotically flat, and applying a version of Bishop's volume comparison 
theorem, we find that (M n \ {0},g u ) is isometric to Euclidean space outside of a 
compact set. 

For the lower bound in (jl.25|) above, we can weaken the regularity assumption to 
u G C 3 , but we must specialize to the F given in the above examples: 

Theorem 1.11. Let u G C 3 (Q) be an admissible solution of either A1.2U\) . or 

JUMP m Q = B(0, r ) \ {O}, with f(x) = near O. 
If 

(1.28) liminf u(x) = — oo, 

then there is a constant C > such that for all igSI, 

(1.29) 21ogd(x) -C <u{x). 

Remark 1.12. The proof of the estimate in (jl.29|) requires a local gradient estimate 
for C 3 solutions, which is currently only known for the special cases in Examples 1-3. 
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We conjecture it is true for general F. If u £ C 4 , then a local C 2 -estimate for general 
F follows from Sophie Chen's work |Che05j . which was used in Theorem 11.51 This is 
discussed in detail in Section H3 

1.2. Relation to the Existence Theory. Theorem 11.51 is in fact a corollary of a 
much more general result about the local behavior of admissible functions. This result 
depends upon an explicit but rather subtle relationship between admissibility and 8- 
convexity; see Section 13.11 Moreover, this generalization of Theorem 11.51 holds under 
weaker regularity assumptions-an important consideration for certain applications, 
for reasons we now explain. 

Aside from its intrinsic interest, the study of solutions with isolated singularities 
is central to the study of a priori estimates for solutions of ([1.180 . and the related 
problem of analyzing the blow-up of sequences of solutions. Both of these topics were 
treated in our previous paper GV 04bj , where we proved a general existence result for 
solutions of (jl,18[) assuming properties (i) — (iv) above and certain a priori estimates 
are satisfied. 

Precisely because singular solutions often appear as limits of smooth ones, there 
is an additional technical difficulty that often arises. Namely, the limit may only be 
in C^ c and satisfy (jl,18j) almost everywhere. For example, in [GV04bj . a divergent 
sequence of solutions {ui} to (jl.l8[) is rescaled by defining v j = U{ + 7*, where {r^} is 
a sequence of numbers with n — > +oo as i — > oo. Each u, is also a solution of (jl,18[) . 
but with fi(x) = e~ 2n f(x). Now, the sequence {vi} converges (away from a finite 
point set S), but the limit v £ C* ' c (M n \ E) is a (degenerate) admissible solution of 
(jl,18[) with f(x) = 0. Thus, when studying singular solutions of (j!.18j) it is natural 
to impose the weakest possible regularity. 

A similar construction, by the way, was carried out in Schoen's work on the Yam- 
abe problem [Sch89 . In this divergent minimizing sequence for the Yamabe 

functional is rescaled, and a subsequence converges (away from a finite point set E) 
to a solution of 

(1.30) Lh = on M n \ E, 

where L = A — R- The important difference here is that while h is a singu- 
lar solution of (jl.3())l . it is smooth away from the singular points. This allows one 
to apply the results of Serrin [Ser56j and Gilbarg-Serrin GS56 , who classified C 2 - 
solutions of (jl.30[) with isolated singularities: in fact, h must be a linear combination 
of fundamental solutions of the conformal laplacian. 

In general, to understand the behavior of solutions near isolated singularities some 
form of the Harnack inequality seems essential, as it was in the work of Gilbarg-Serrin 
for the semilinear case. While Harnack inequalities have been established for solutions 
of flTTHl) (see [Via02j . ITTJi?. [GW03bj, [DEOS]) they all assume at the very least 
u £ C 3 and / £ C 1 , for the simple reason that the proofs rely on differentiating the 
equation. In our existence work |GV04b| described above, we were able to show that 
the singular solution v satisfied a Harnack inequality by using the fact it was the 
limit of smooth solutions, each of which satisfied the local gradient bounds proved 
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by Guan and Wang |GW03bj . But for an arbitrary solution of (jl.l8j) in, say, C to '*, it 
remains an open question whether one can obtain such an estimate. 

1.3. Scale-Invariant Estimates. To clarify precisely what is lacking for weak so- 
lutions of (|1.18)) . we introduce the following terminology: 

Definition 1.13. Let B = B(O,r ) C M n and Q = B \ {O}. For x e Q, let 

d(x) denote the distance to O. We say that u G Cl oc {VL) satisfies a scale-invariant 
C 1 -estimate if there is a constant C such that 

C 



1.31 Vu x) < 



d(x) 



for every x G Q. We say that u G C Zo ' c (fi) satisfies a scale- invariant C 2 -estimate if 
there is a constant C such that 

(1.32) \Vu(x)\ 2 + \V 2 u(x)\ < ( 



d(x) 



for almost every x G Q. 



Remark 1.14. Suppose u is a solution of ()1.18j) on R n \ {0} with f(x) = 0. If u 
satisfies (ll.32j) . then so does u\[x) = u(Xx) for any A > (with the same constant 
C). This is why (jl.32j) is called a "scale- invariant" estimate. For example, consider 
u G C°°(R n \ {0}) given by 

u(x) = log \x\ 2 . 

Then u is a solution of (|1.18|) with f(x) = 0. Moreover, |Vma(x)| = |Vm(Ax)|. 

We will postpone for now the question of when a scale-invariant estimate can be 
verified. Instead, we will first restate our main result for C^-solutions of ()1.18j) . with 
fjl.31|) and ()1.32|) as additional assumptions: 

Theorem 1.15. Suppose u G C,j c satisfies a scale-invariant C 2 -estimate, and A u G 
r,5 almost everywhere inQ = B(0, ro)\{0}, where < 5 < Then the conclusions 
of Theorem \1.5\ hold. 

When the background metric is locally conformally flat, we only need a scale- 
invariant C^-estimate: 

Theorem 1.16. Assume {M,g) is locally conformally flat. Suppose u G satisfies 
a scale-invariant C 1 -estimate, and A u G T$ almost everywhere inQ = B(0, r ) \ {O}, 
where < 5 < — =. Then the conclusions of Theorem \1.5\ hold. 

In fact, part (i) of Theorem 11.51 holds without assuming a scale-invariant estimate; 
for part (ii) , we can verify a one-sided bound: 

Theorem 1.17. Assume {M,g) is locally conformally flat. Suppose u G C^ c with 
A u G T,5 almost everywhere in Q = B(O,r ) \ {O}, where < 5 < — 
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(<) V 

(1.33) liminf u > — oo, 

t/ien it can 6e extended to a Holder continuous function u* G (7^(0) fl C 7 (I?(0, r )), 
wit/i 7 given fry \1.2ty . 

(«) # 

(1.34) liminfn(x) = — oo, 

a:— >o 

t/ien i/iere is a constant C > swc/i t/iat /or a// x G f2 7 

(1.35) u(ar) < 21ogrf(x) + C. 

Remark 1.18. The main reason we have a stronger statement in the locally conformally 
flat case is roughly that, in normal coordinates, a general Riemannian metric will be 
close to Euclidean only to second order, while in the locally conformally flat case, 
we can find a conformal metric which is exactly Euclidean in a neighborhood of a 
point. More precisely, if we let {x 1 } denote normal coordinates (with respect to the 
background metric g) centered at O, the cone condition A u G T$ is equivalent to 

(1.36) g jl \did jU - V%d h u + u iUj - ^g pq d p ud q ug i3 + G T s 

a.e. in Q. In normal coordinates, g^ 1 = + 0(|x| 2 ), and [TfA = 0(\x\) as \x\ — > 0. 
In particular, we find error terms of the form 0(\x\ 2 )(didju) as \x\ — > 0, which could 
be unbounded without a scale-invariant C 2 -estimate on u. 



We now turn to the question: when does a solution of ()1.18|) satisfy a scale-invariant 
C 2 -estimate? If u G C 4 (Q) is a solution of ([1.180 . then the local estimates proved by 
Sophie Chen [Che05j can be used to verify a scale-invariant C 2 -estimate. If u G C 3 (Q) 



and is a solution of either ([1.190 . ([1.21)0 . or p. 210 . then the local estimates of solutions 
established in [GW03bj . |GW()3aj . LL03 , and |GV()3j can be used to to verify the 



scale-invariant (^-estimate: 

Proposition 1.19. (i) Let u G C 4 (Q) be an admissible solution of M.lty) in Q = 
B(0, ro) \ {O}. If f = in a neighborhood of O, then u satisfies the scale-invariant 
C 2 -estimate < TO^) . 

(it) Let u G C 3 (Q) be an admissible solution of either M.lty) . il.2(J\) . or M.21\) in 
Q = B(O,r ) \ {O}. If f = in a neighborhood of O, then u satisfies the scale- 
invariant C 1 -estimate A1.31)) . 

Remark 1.20. In particular, Theorem 11.51 follows from Proposition II. 19| and Theorem 

En 
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I. 4. Holder extension. A geometrically natural condition to consider is that of 
finite volume. For example, suppose u G C^ c satisfies the hypotheses of Theorem 

II. 151 and the volume of g u = e~ 2u g is finite: 

(1.37) Vol gu (tt)= [ e~ nu dvol g < oo. 

Jq 

Then by examining the integrand in (jl.37|) . it is clear that u cannot satisfy (jl.25j) . 
Consequently, we have 

Corollary 1.21. Let < 5 < — ^ u G C x ' oc satisfy A u G T$ almost everywhere 
in fl = B(0,ro) \ {O}. Assume that g is locally conformally flat and u satisfies a 
scale-invariant C 1 -estimate, or that u satisfies a scale-invariant C 2 -estimate in the 
general case. If the volume of the conformal metric g u = e~ 2u g is finite, then u can 
be extended to a Holder continuous function u* G Cj^l(Q) n C 7 (i?(0, r )), where 7 is 
given in M.2'^l . 

In addition, finite volume actually implies a scale-invariant estimate: 

Theorem 1.22. Let u G C 4 . Assume that u is an admissible solution of hl.lty in 
Q = B(0,ro) \ {O}. If the volume of the conformal metric g u = e~ 2u g is finite; i.e., 
if \1.3 r i\) is satisfied, then u satisfies a scale-invariant C 2 -estimate. Consequently, by 
Corollaru M .211 u can be extended to a Holder continuous function u* G C 7 (S(0, ro)). 

In the locally conformally flat case, when u is a solution of one the special examples 
(I1.19|) - (jl.21j) . then we can slightly weaken the regularity assumption: 

Theorem 1.23. Let (M n ,g) be locally conformally flat and u G C 3 . Assume that u 
is an admissible solution of either \1.19i) . \1.2(J\) . or M.21\) in Q = B(O,r ) \ {O}. 
If the volume of the conformal metric g u = e~ 2u g is finite then u satisfies a scale- 
invariant C 1 -estimate. Consequently, by Corollaru M. 2 11 u can be extended to a Holder 
continuous function u* G C 7 (£>(0, ro)). 

In |Con04b| Gonzalez studied the behavior of solutions to (|1.15|) . k < n/2, with 
isolated singularities. She proved that C 3 -solutions with finite volume are bounded 
across the singularity. In related work, Han [Han04j proved local L°°-estimates for 
H^ 2 ' 2 -solutions of ()1.18j) when k = 2 and n = 4, assuming a smallness condition on 
the volume. 

In a subsequent paper |Gon04aj Gonzalez considered a subcritical version of ()1.15|) : 

(1.38) a l k /k (A u ) = f(x)e- 2 ? u , 

where (3 < 1. Solutions of (jl.38|) with isolated singularities are either bounded or 
satisfy a (sharp) growth condition near the singularity analogous to f)1.25j) . 

In the conformally flat case, when f(x) > Co > near the singularity O we can 
also rule out blow-up: 

Theorem 1.24. Let (M n ,g) be locally conformally flat and u G C 3 a strictly ad- 
missible solution of either M.lty) . \1.2Ui) . or M.21)) in Q = B(O,r ) \ {O}, with 
f(x) > Co > near O. Then u can be extended to a Holder continuous function 
u* EC 3 (tt)r)C^B(O,r )). 
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Remark 1.25. This is proved in Section 17^1 We conjecture that Theorem II .241 is true 
without the local conformal flatness assumption. 

1.5. Holder and //-estimates. Our final results are some W 1 '?— and Holder- 
estimates for 5-admissible functions: 

Theorem 1.26. Let < 5 < u G C\^ c satisfy A u e r,$ almost everywhere in 
5(0, ro). Let v = e^ u , where 

(139) l + (2-n)J 

[LM) P ~ 2(1 + 5) ' 

Then for p< p s = 

(1.40) ( f \Vv\ p \ 1 < C 

KJB{x ,r/2) J JB{x ,r) 

where C = C{r,p, ||g||c 2 )- Consequently, if 7 = ^£zg , then by the Sobolev embed- 
ding theorem 



1-41) IM|c Q (B(xo,r/2)) < C 

JB(x ,r) 

for any a < 7, where C = C(r,a,n, \\g\\ C 2). If g is locally conformally flat, then we 
may take a = 7 in \1.41\j - 

We mention a related body of work which considers solutions of (jl,15|) defined on 
subdomains in the sphere. By the work of Schoen and Yau [5Y8&. such solutions 
arise when considering complete, conformally flat (admissible) metrics. The goal is to 
study the singular set and derive estimates for the Hausdorff dimension (sec [CHY04J, 
|Gon05| . |GLW05| ). 

In closing, we would also like to mention the preprints of Yanyan Li [Li 05aj . |LT05bj . 
and Trudinger-Wang [TWOS] which contain closely related results regarding the above 
Holder estimates, and asymptotic behaviour of solutions at singularities. 

1.6. Acknowledgements. The authors would like to thank Alice Chang, Pengfei 
Guan, Yanyan Li, Guofang Wang, and Paul Yang for helpful discussions and valuable 
remarks. We are very grateful to Sophie Chen for informing us of her nice work 

2. Holder estimates for 5-convex functions 

We begin by giving the proof of the Holder estimate f)1.7|) in Theorem 11.31 The 
W 1,p estimate (jl.9|) will be proved later in Section |HJ First, notice that the function 

(2.1) G{x) =C\x-y[ 1 
is a solution of 

(2.2) F S (D 2 G) = det 1/n [d 2 G + <f(AG)l) = 
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on R n - {y}, with D 2 G G T an , for 

To see this, by scaling and translation, assume that C — 1, and y = 0, then 

(2.4) <9j<9jG = 7 (7 - 2)1x1^^ + 7 |^| 7 - 2 ^, 

(2.5) AG= (7(7-2) + n 7 )|x| 7 - 2 . 

A computation shows that 

fi^G + 5(AG)5 lj = 7(7 - 2)|x| 7 - 4 a; i a; i 

+ (7 + ^(7(7-2) +n 1 )}\xy- 2 5. 



7(7 - 2)\xy~ i x i x j - 7(7 - 2)\xp- 2 5. 



This has one zero eigenvalue, and the other eigenvalues are all equal to 7(2 — 7) > 0, 
so follows, with D 2 G G T an . 

Equation (|2.2|) is a fully nonlinear (degenerate) elliptic equation, with concave F$ 
and ellipticity cone Y an . Let y G B, r > 0, and define on B(y, R) \ {y}, 

(2 .6) *<,) = mz*m, 

OSC BR (y)W 



(2.7) G(x) = [^j^ 
Choose e > 0; we have 

(2.8) F 5 (D 2 (W(x) - e)) > on i?) \ B(y, r), 

(2.9) F S (D 2 G) = on i?) \ B(y, r), 

(2.10) W-e < G on d(B(y,R) \B(y,r)), 

for r sufficiently small. Note that ()2.8|) is strictly elliptic, but ()2.9|) is degenerate 
elliptic. By Theorem |GT83| 17.1], the difference W(x) — e — G satisfies a linear 
strictly elliptic equation. From the maximum principle, 

(2.11) W-e < G on B(y,R) \B(y,r). 
Since e > is arbitrary, for x G Bn(y) \ {y} we obtain 

(2.12) W(x) - W(y) < (osc BR(y) W) fe^Y ■ 

The estimate ()1.7|) then follows by a standard interpolation argument; see |TW99j . 
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3. Admissibility and 5-convexity 
The next result explains the relationship between admissibility and ^-convexity: 
Theorem 3.1. Suppose A u G Tg, where A u is given by Al.lty) . Let v = e^ u , where 

(31) l + (2-n)J 

{6A} t 2(1 + 5) ' 

Then 

(3.2) V 2 v + (3vA g G T s . 

In particular, if g u = e~ 2u ds 2 , where ds 2 is the flat metric on R ra , then v is 5-convex. 
Proof. Since logt> = (3u, we have 

(3.3) (3Vu = — , 

v 

(3.4) (3V 2 u V ' 2r <Ir ' :(Ir 



v v 2 



Letting a = [3 1 and using (jl.l2j) . we obtain 

V 2 v 1 1 |Vf| 2 

(3.5) A v = A + a h (a 2 — a)^dv ® dv a 2 — ^— g. 

v v l 2 v l 

In terms of v, the admissibility condition A v G implies 

a 2 - 

(3.6) vA g + avV 2 v + (a 2 - a)dv <g> dv - —\Vv\ 2 g G T 5 . 

Now examine the gradient terms, which are proportional to: 

a,_ 2 



In terms of 6, this is 



(a - l)dv ®dv - -\Vv\ g. 



l + n5 , _ , 1 + 6 2 



dv — - t- rr|Vf I g, 



l + (2-n)5 1 + (2 — n)tf' 

which is proportional to 

(3.7) 1 +n5 dv®dv - |Vf| 2 q. 

The eigenvalues of this tensor are 

<-) - 1 ) |V " 1 ' 
and the trace is 

n — 1 . 
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Clearly, this implies that (|3.7|) belongs to —Tg. Since T$ is a convex cone, it follows 
that 

(3.9) V 2 v + (3vA g G Tg. 

□ 

4. Preliminary estimates for singular solutions 

In this section we prove some technical results which will be used in the proofs of 
the main theorems. 

4.1. Pointwise estimates. The following Proposition gives an upper bound for so- 
lutions in B(0,r Q ) \ {O}, assuming only that the scalar curvature is non-negative. 

Proposition 4.1. Let u G C^' (fl) satisfy 

(4.1) <ri(A + V 2 u + du®du- ^\Vu\ 2 g) > 

almost everywhere in Q = B(0,ro) \ {O}. Then 

(4.2) sup u < +oo. 

n 

Proof. The inequality (|4.1|) is simply 



Au-^— ^-\Vu\ 2 + a x (A) >0. 



a.e. in f2, or 



(4.3) Au > ^ - 2) |V^| 2 ~^i(^) 

a.e. in Q. 

Our first observation is 

Lemma 4.2. Let B = B(O,r ). Then u G W^ 2 {B). 

Proof. For e > small, let r] e denote a cut-off function supported in Q satisfying 

( x G 5(0, e), 

(4.4) Ve (x) = { 1 x G 5(0, r /4) \ 5(0, 2e), 

[ xeB\B{O,r /2), 

and |Vr/ e | < C/e. Since ()4.3|) holds a.e. on Q and 77^ is supported in Q we have 

(4.5) \ V 2 Au > [ ^^\Vu\ 2 V 2 - [ r] 2 ai(A). 



Integrating by parts, 

2(V7 ]t ,Vu) Ve > [ ^-^-\Vu\ 2 v 2 - I v>M). 
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Using the inequality 

- J 2(Vr/ e ,Vu)r/ e < 

we conclude 

(n-2 



(n — 2) l2 2 



(n-2) 



n-2) 



\Vu\ 2 n 2 t + 



n-2) 



\Vn e 



which implies 
(4.6) 

Note that 



Vu\ z n'i<C I \Vn e \ 2 + n 2 



|V^ e | 2 < Ce 

'B(0,2e)\B(0,e) 

< Ce {n - 2) -> 



as e — > 0. Therefore, letting e — >■ in ()4.fi|) . we get 



(4.7) 



IVmI 2 < C. 



To prove that u G L 2 (B) we apply the Poincare inequality, which states 



(4.i 



J b M Jb 



for all <£> G W ' 2 (.B), where Ai is the first (Dirichlet) eigenvalue of —A on B. For 
k > 1, define 



(4.9) 



if m(x) > fc, 
«fc(£j = ^ it(a;) if k > u(x) > —k, 
—k if u(x) < —k. 



Let £ be another cut-off function supported in S, this time satisfying 
(4.10) C0*0 = 1 Vx G B{0, To/4). 

For each > 1, ()4.7|) implies |Vwfc| G L 2 (B), and since is bounded, it follows that 
M fc G W 1>2 (5). Therefore, by (jOjl . 

cM<^ / iv(c^)i 2 



B 



Ai 

< 2 



B 



C 2 |w fc | 2 + / « 2 |vci 



B 



By gUJ, | VC| = on 5(0, r /4), so 

^|VCI 2 = 



M 2 |vci 2 <c, 



B\B(O,r /4) 
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because u G C^l(Q) and is therefore locally bounded. Also, by ()4.7|) . 



C 2 |v Mfc | 2 < c 



B 

independent of k. From (|4.11j) we conclude 

'B{O,r /4) 

and from the Monotone Convergence Theorem it follows 



u\<C. 



B 



□ 



Lemma 4.3. u satisfies 

(4.12) Au > -ai(A) 

in the W 1 ' 2 -sense on B = B(O,r ); i.e., for each non-negative <p G C$(B), 

(4.13) J-(Vu,Vcp)> J -a x {A)ip. 

Proof. For e > small, let rj e denote the cut-off function defined in (|4.4|) . and let 
ip G Cq(B) be non- negative. Since ()4.3|) holds on Q and rj 2 (p is supported in Q we 
have 



n 2 (pAu > 



(n-2), 



(4.14) 

Integrating by parts, 

-(V V ,Vu)n 2 - I 2(Vr) e ,Vu)r] e <f> 
which we rewrite as 



(n-2) 



vu\y e (p- / v;wi(A) 



(4.15) -(V^,Vu)n 2 > 2(Vr) e , Vu)rj e ip + 



(n-2) 



n |2 2 



7J e Vl(A). 



By the Lebesgue Dominated convergence theorem, for the first and last integrals in 
f!4.15|) we have 



■{V^,Vu)rj 2 e 



■{V(p, Viz), and 



(4.16) 



as e — > 0. We estimate the middle integral in the following way: First, 



2(Vr) £ ,Vu)r) e (p > 



(n-2) 



Vu\ 2 r) 2 ip — 



(n-2) 



<p\Vr) e 



CONVEXITY 



17 



Therefore, 
(4.17) 
Note that 
(4.18) 

(4.19) 



2(Vry e , Vu)g tV + ^ . - \Vu\ W 



> 



-C n v9|V?7 e 



~ B(0,2e)\B(0,e) 

< Ce {n - 2) -> 



as e -> 0. Substituting (|4~lT)jl . (|4~T7|) . and (gHHD into (ETT^ . we get (PL"T3l . 



□ 



To complete the proof of the Proposition, we refer to Theorem 8.17 of Gilbarg- 
Trudinger |GT83j . which implies that any W 1,2 -solution of (|4.12|) satisfies 



sup u < C(r , g)(\\u\\ L 2m(o,r )) + C(g) 

in ».„ /o\ \ 



B{O,r /2) 

Thus, the desired bound follows from Lemma [4.21 □ 



□ 



While Proposition 14.11 gives an upper bound on solutions, there are examples of 
singular solutions for which a lower bound fails to hold. The next result controls the 
rate at which u{x) can go to — oo, provided u satisfies ()1.31|) . 



Proposition 4.4. Let u G C^ c (il) satisfy 

ai(A + V 2 u + du®du- ^\Vu\ 2 g) > 

almost everywhere in Q = B(0,r Q ) \ {O}. Assume u satisfies the scale-invariant 
gradient estimate M.31)) . Then there is a constant C > such that 



(4.20) 



u(x) > 21ogd(x) -C. 



The Proof of Proposition 14.41 is essentially contained in Proposition 6.1 of |G V04bj . 
The only difference is the regularity assumed: we need to show the same argument 
applies to C 1 ' 1 -solutions. 



Proof. As we observed above, u G C^iVt) satisfies the inequality 



Am > 



in 



a.e. in Q. Let 
(4.21) 



w 



("-2) , 

e 2 



Then w G C^l(Q), and a simple calculation shows that w satisfies 
(4.22) 



(n — 2) 

Lw = Aw- J -Rw < 



4 n - 1 
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a.e. in Q. Let T denote the Green's function for L with pole at O. Since T(x) ~ 
d(x) 2 ~ n , it suffices to prove 

(4.23) w(x) < CT(x), xeVL 
for some constant C. To this end, consider the function 

(4.24) ^J-Jg. 
It follows from (|4.22j) and the definition of V that 

(4.25) AG<-2(VG,^-) 

a.e. in Vt. Since clearly G E C7,^(fi), it follows that (l4~231) holds in a W ' - sense in f2. 

Now, fix r > small, and let Q r = B \ B(0, r). By the strong maximum principle 
f |GT83j . Theorem 8.19), G cannot attain an interior minimum in f2 r unless it is con- 
stant; of course, if G were constant then ()4.23|) would follow immediately. Therefore, 
assume G attains its minimum on dQ r = dB(O,r ) U dB(0,r); in fact, assume it is 
attained on dB(0,r). 

Since we are assuming u satisfies a scale-invariant gradient estimate, given any two 
points x, y e dB(0, r) we have 

\u(x) — u(y)\ < Cr max |Vw| < C. 

' V 7 ~ dB(0,r) 1 1 ~ 

From this inequality it follows that w-and hence G-satisfies a Harnack inequality: 

(4.26) max G < G min G. 

dB{0,r) dB{0,r) 



Therefore, 



min G = min G > G 1 max G. 

tt r dQ. r 8B(0,r) 



In case the minimum of G is attained on dB(0, tq), we can apply the same argument. 
In either case, we conclude 

(4.27) maxG<GminG. 

9f2 r fir 

If we choose a point x G Q, then (|4.27|) implies 

(4.28) max G < G min G < CG(x ) = C, 

dfl r fir 

Since f!4.28|) holds for all r > small, it follows that G is uniformly bounded in Q. 
This completes the proof. □ 
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4.2. An integral estimate. The final result of this section is an integral estimate 
which will be used in the proof of Theorem 11.171 

Proposition 4.5. Let u G C to ' c satisfy A u G T$ almost everywhere inQ — B(0,r Q ) \ 
{()}. Let 

v = e? u , 

where [3 is defined in \1.3ty) . Then v satisfies 

(4.29) / \Vv\ n <C{S,n,g). 

Jq 

Proof. This estimate is actually a corollary of Theorem 3.7 of [GV04b : 

Theorem 4.6. / |GV04b[ Theorem 3.7]; Let u G Cj£(A(±ri, 2r 2 )), where O G M n 

and A(^r 1 ,2r 2 ) denotes the annulus A(^ri,2r 2 ) = B(0, 2r 2 ) \ B(0, \r\), with < 
r\ < r 2 . Assume g u = e~ 2u g satisfies 

(4.30) Ric(g u )-26 a 1 (A u )g>0 
almost everywhere in A(^ri,2r 2 ) for some < 5o < \. Define 

(4.31) aa = ^L Sa > . 

Then given any a > ao, there are constants p > n and C = C((a — ao) -1 ,"-) > 
such that 

[ \Vu\ p e au dvol g < C\ [ \Ric g \ p/2 e au dvol g 

JA(r u r 2 ) \JA(±ri,2r 2 ) 

(4.32) 

+ r; p [ e au dvol g + r~ p [ e au dvol g ) . 

In fact, we can take 

(4.33) p = n + 2a > n. 

Remark 4.7. Keeping with the conventions of this paper we will omit the volume form 
dvolg. 

Let 5q and S be related by the formula 

(4.34) ,= iZ* 
or equivalently, 

(4.35) 25 = 1 + (2 - n)5. 

Inequality ()4.3()j) for 5q is equivalent to saying that A u G Ts- Since A u G r,5 almost 
everywhere in fl = B(O,r ) \ {O}, inequality (|4.30p holds for 5$ as defined in ()4.35|) . 
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Clearly, the inequality ()4.3U|) then also holds for S = 0, and hence a = and p = n. 
Letting r 2 = |r and T\ = r < |r , from f|4.32|) we have 



/ \Vu\ n e au <C(a-\r ,g)( [ 

JA(r,r /2) \JA(r/2,r ) 

(4.6b) 



+ r -n ; e au + e au 



A(r/2,r) JA(r„/2,r ) 

for any a > 0. By Proposition 14.11 u is bounded above on Q, and therefore e au < C 
on Q. Also, notice the middle integral on the right-hand side of ()4.36|) is uniformly 
bounded: 



r -n / e au < Cr -n 

<A(r/2,r) JA(r/2,r) 

< Cr~ n (cr n ) 

< C. 



Consequently, for all a > we have 

(4.37) I \X7u\ n e au <C(a-\r ,g) 

JA(r.r n /2) 



>A{r,r /2) 

independent of r. Letting r —> we obtain 



/ \Vu\ n e au <C{a-\r , 
Jn 



(4.38) 
If v = e^ u ', then 

\S/ V \ n = (3 n \Vu\ n e Pnu . 
Therefore, taking a = (3n in (|4.38j) we get (|4.29j) . 



□ 



5. The proof of Theorems 11.151 and 11.171 

To prove Theorems 11.151 and 11.171 we assume u G C Jo ' c (O) with A u e almost 
everywhere. For part (z), we further assume 

(5.1) liminf?i>— oo, 

and that either g is LCF, or that u satisfies a scale- invariant C 2 -estimate. In each 
case we wish to show that u can be extended to a Holder continuous function u* G 
C}£(Q) nC^{B(O,r )), where 7 is defined in (jOHJ). Note that (jEH) along with IjOjl 
imply 

(5.2) sup \u\ < 00. 

n 
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As in the proof of Theorem 13.11 let v = e@ u , where f3 is defined in (ll.39|) . By (|5.2|) . 

v G C^l(Q) satisfies 

(5.3) < c < v(x) < Cq\ 

First, consider the locally conformally flat case. Let {x 1 } denote conformally flat 
coordinates centered at O; in this coordinate system ()3.2|) is equivalent to 

(5.4) (didjv + fivAij) G T 5 
a.e. in Q. Define 

(5.5) W(x) = v(x) + A\x\ 2 , 
where \x\ 2 = Ylii 30 ) an d A >> is a large constant. Then 

d^W = didjv + 2A5y 

= didjV + fivAij + 2A5ij — (3vAij. 
Therefore, by ()5.3|) and ()5.4|) . we can choose A >> large enough so that 

(5.6) didjW E T s 

a.e., in a deleted neighborhood of O. 

Using the coordinates {x 1 } we can identify a neighborhood of O G M n with a 
neighborhood U of the origin G R™. Following |TW99j . let p G be a spherically 
symmetric mollifier satisfying p(x) > 0, p(x) = 1 for \x\ < 1, p(x) = for \x\ > 2, 
and J p = 1. Define the mollification of PU by 

(5.7) W h (x) = h- n [ p (^L)W{y)dy. 



h 

Let U' be a subset of C/, such that the /i-neighborhood of U' is also contained in U. 

Proposition 5.1. Wh '■ U' — > R is a smooth, bounded, strictly 5 -convex function. 

Proof. The smoothness of follows from elementary properties of convolutions. We 
let x G U with d(x, dU) > h and r > a small number. By the divergence theorem, 



D ij W h {x)= [ D ijPh (x-y)W(y)dy 
Ju 



D ijPh (x-y)W(y)dy+ / D ijPh (x - y)W(y)dy 

B(0,r) JU\B(0,r) 



D ijPh (x -y)W(y)dy - / D iPh (x - y)D j W(y)dy 

B(0,r) JU\B(0,r) 



UjDip h (x - y)W(y)dS(y), 

l8B(0,r) 

where {vj} are the components of the outward unit normal to dB(0, r). Since W is 
bounded, as r — > we obtain 

(5.8) DijWnix) = - [ D iPh (x - y)D J W{y)dy. 

Ju 
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Applying the divergence theorem again, 
(5.9) 

DijW h (x) = - [ D iPh (x - y)D J W(y)dy - / D iPh {x - y)D J W(y)dy 

JB(O.r) JU\B(0,r) 



/ D iPh (x-y)D j W(y)dy + / Ph {x - y)D ij W(y)dy 

JB{0,r) JU\B(0,r) 

- { Ph (x-y)D J W(y)dS(y). 

JdB(0,r) 



'dB{0,r) 

Lemma 5.2. There is a sequence ri — > such that 



(5.10) <b Ph (x-y)u l D J W(y)dS(y) 

JdB(0,n) 

(5.11) / D iPh (x-y)D j W(y)dy 

JB(o,n) 

as i — > oo. 

Proof. By Proposition 14. 5[ v satisfies 

(5.12) ! \Vv\ n < C(5,n,g). 

Jn 

This implies 

(5.13) / \DW(y)\ n dy<C. 

Ju 

It follows from the co-area formula that there is a sequence of radii — > such that 

(5.14) I \DW(y)\ n dS(y)<C/r t . 

JdB(0,n) 

Therefore, by Holder's inequality, 

/ Ph (x - y)u i D j W(y)dS(y) < C I \DW(y)\dS(y) 

JdB(0,ri) JdB(0,n) 



JdB(0,n) 

(, 



< Cr [ r 1?,n ( i \DW{y)\ n dS{y)" l ,i 



< Crr 2 , 



and (jnHHD follows. 

For the same sequence of radii, using (|5.1Hj) and Holder's inequality we have 



B(o,n) 



D iPh (x-y)D j W(y)dy <C [ \DW(y)\dy 

JBiO.n) 



B(0,n) 

<Crr l { I \DW(y)\ n dy" 1,! ' 

V JB(0, ri ) 

< Cr?~\ 



CONVEXITY 23 

□ 

Taking r = in (J5.9j) and letting % — > oo we obtain 



(5.15) D tJ W h (x) = / p h (x-y)D ij W(y)dy. 

Ju 

Since D 2 W G T$ almost everywhere in U, it follows that DijWh(x) G T$. Conse- 
quently, Wh is a smooth, strictly 5-convex function on U' . □ 

Proposition 5.3. W has a C 1 -Holder continuous extension across the origin. 

Proof. From Theorem II . 31 and the Arzela-Ascoli Theorem, — > W uniformly in the 
C 7 -norm, 7' < 7, for some sequence h{ — > 0, and W G C 7 (£>). Define W(0) = W(0). 
From general properties of mollification, Wh t —>■ W on B \ {0}. Therefore W = W in 
B. ' ' □ 

bmce v = W-A\x\ 2 , the same holds for v and (by the definition of v) for u as well. 

Turning to the non-LCF case, we now assume u satisfies a scale-invariant C 2 - 
estimate. In view of (|5.2|) and inequality (|1.32p . v satisfies 

(5.16) \V 2 v(x)\ + \Vv(x)\ 2 < c 2 d(x)- 2 

for almost every x G Q. 

Let {x 1 } denote normal coordinates (with respect to the background metric g) 
centered at O. In this coordinate system (|3.2j) is equivalent to 

(5.17) g jl (d t d 3 v - T k l3 d k v + PvAij) G T s 

a.e. in Q. In normal coordinates, g^ 1 = + 0(|x| 2 ), and |r^| = 0(|x|) as \x\ — > 0, 
so using ()5.3j) and (jSHEj) we conclude 

(5.18) didjV + BijETs, 
where B^ is uniformly bounded: 

(5.19) \\B lj \\<C l . 
As before, we let 



Then 



W(x) = v(x) + A\x\ 



didjW = didjv + 2A5ij 

= didiV + Bu + 2AS il - Bi 



Therefore, by ()5.18|) and ()5.19|) we can choose A >> large enough so that 
(5.20) didjW G Ts 

a.e., in a deleted neighborhood of O. The rest of the proof proceeds exactly as 
in the LCF-case (note however that Lemma 15.21 is much easier to prove under the 
assumption (|1.3ip ). This completes the proof of part (i) of Theorem ll.l5l and Theorem 
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To prove part (ii) of Theorems 11.151 and II . 1 71 we assume 

(5.21) liminfM = — oo, 

and first assume that either g is LCF; or that u satisfies fll.32j) . In each case we wish 
to show that u obeys the growth estimate 

(5.22) u{x) < 21ogd(x) +C. 

To this end, we appeal to part (i), in which we showed that the function v = e^ u 
can be extended to a Holder continuous function v* G C^l(Q) fl C 7 (£>(0, r )), where 
7 is given by (jl.23|) . Therefore, 

\v\x)-v\y)\<Cd{x, V y 

for all x, y near O. Rewriting this in terms of u, we have 

l^x) _ f jM 3 >)\ < cd(x, y y 

for all x, y G ft. Since (3 = 7/2, this implies 

(5.23) \e u(x) -e u{y) \ < Cd{x,y) 2 . 

From assumption (J5.21)) . there exists a sequence of points y^ G Q with y^ — > O and 
u(yi) — > —00 as i — > 00. Taking y = y^ in ()5.23|) and letting i — > 00 we obtain 

e «(x) < c rf ( x )2 ; 

which implies 

(5.24) < 21ogd(x) +C. 

To complete the proof of Theorems 1 1 . 1 51 and 1 1 . 1 71 we turn our attention to the lower 
inequality (|1.25|) . Since in both cases we are assuming u satisfies scale-invariant C 1 - 
estimate it follows from Proposition 14.41 that 

(5.25) u{x) > 21ogd(x) -C. 

Remark 5.4. The method in this section simplifies somewhat our previous proof of 
the above estimate (J5.24)) which was given in Section 6 of |G V 04bj . However, the 
methods are in essence the same in that they are both based on some version of the 
maximum principle. 

6. The scale-invariant estimates 

In this section we verify the scale-invariant estimates (jl.31|) for C 3 -solutions and 
(jl.32|) for C 4 -solutions subject to various assumptions. These results follow from 
various local estimates for solutions, along with a scaling argument. 

The local gradient and C7 2 -estimates for ()1.19|) and (jl.20}l were first proved in 
GW03bj and |GLW04j . This work was extended to local gradient and C 2 -estimates 
for (jl.2ip in |LL03j . For the case of general symmetric functions F satisfying assump- 
tions (i) — (iv) in the introduction, local C 2 -estimates for C A solutions were proved 
recently in |Che05| . We note that the local gradient estimates for C 3 solutions are 
currently not known for general F, but we conjecture these to be true. 
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We say that u G C 2 is admissible if A u G r CTfc (this is not to be confused 
with the notion of ^-admissibility defined above). For equations ()1.19|) and (jl.20j) . 
the scale-invariant estimates are based on the following results of Guan-Wang and 
Guan-Lin-Wang: 

Theorem 6.1. (Theorem 1.1 of [GWQSbj . Theorem 1 of |GLW04p Let u G C 3 (M n ) 
be a k— admissible solution of M.lty) or il.2(J\) in B(xq, p), where Xo G M n and p > 0. 
Then there is a constant 

Co = C (k,n,p, \\g\\c 2 (B(x , P )), ||/||c 1 (B(ao,/s)))) 

such that 

(6.1) \Vu\ 2 (x) < C (l + e - 2inffl (*o.p> u ) 

for all x G B(xq, p/2). 

Let u G C 4 (M") be a k— admissible solution of in B(xo,p), where x G M n 

and p > 0. Then there is a constant 

C = C (k,n,p, \\g\\c s (B{xo,p))i \\f\\c 2 (B(x ,p))), 

such that 

(6.2) \V 2 u\{x) + \Vu\ 2 {x) < C (l + e - 2hdB M u ) 

for all x G B(xq, p/2). 

We first observe that when f(x) = in (|1.19J) or p.20j) . then there is no exponential 
term in the estimate ([6.1)1 . We will only verify this explicitly for solutions of f)l. 19|) . 
but the argument for solutions of (jl.2U|) is essentially identical. 

Corollary 6.2. Let u G C 3 (M n ) be a k— admissible solution of \1.19i) in B(x ,p) 
with f(x) = 0. Then there is a constant 

C = C (k,n,p, \\g\\cHB(x ,p))) 

such that 

(6.3) \Vu\ 2 (x) < Co 
for all x G B(xq, p/2). In fact, 

(6.4) Co = C 1P - 2 , 

where C x = Ci(k,n, \\g\\c*(B(x 0tP )))- 

Let u G C 4 (M") be a k— admissible solution of M.lty) in B(xo,p) with f(x) = 0. 
Then there is a constant 

C = C (k,n,p, \\g\\cHB(x ,p))) 

such that 

(6.5) \V 2 u\(x) + \Vu\ 2 (x) < Co 
for all x G B(x ,p/2). In fact, 

(6.6) Co = C 1P - 2 , 
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where C x = Ci(A;,n, \\g\\c^B(x ,p))) ■ 

Proof. If we imitate the proof of Guan and Wang, one can trace the origin of the expo- 
nential term in (j6.1|) to two places: inequalities (2.20) and (3.10) in [GW03b . These 
inequalities appear when estimating the gradient and Hessian terms respectively. 
For the gradient term, Guan and Wang estimate 

i i 

= ^e- 2 "(/ iM| -2K), 
i 

where the subscript I denotes They do so in the following way: 

Tx = = 5>- 2 "(M - 2fu 2 ) 

i i 

> -C(l + e- 2u )\Vu\\ 

thus the appearance of the exponential term in (|6.1|) . Of course, if / = then T\ = 0. 
While estimating the Hessian a similar term appears in (3.10) of |GW03bj : 

i 

where p is a cut-off function supported in B(0,r Q ). Unfortunately, a typographical 
appears when estimating T 2 ; the first line of (3.10) should read 

i i 

= J2p(f» - ^ + 4 ^ 2 - 2 f u ") e ~ 2u - 
i 

In any case, once again if / = then T 2 = 0, and the Hessian estimate no longer 
contributes an exponential term. Consequently, inequality (|6.5J) holds. 

To prove we need to specify the dependence of C on the radius of the ball p; 
that is, we need to show 

(6.7) |V 2 u|(a;) + \Vu\ 2 (x) < C x {g)jp 2 . 

However, such an estimate follows from an elementary scaling argument; see Lemma 
3.3 of |GV04bj for a detailed explanation. 

□ 

From Corollary 16.21 it follows that the scale-invariant estimate (jl.32j) holds for 
solutions of (jl,19|) when / = 0: 

Corollary 6.3. Let u G C 3 (f2) be a (degenerate) admissible solution of \1.19i) in 
Q = B(O,r ) \ {0} with f = in a neighborhood of O. Then u satisfies M.31}) . 

Letu G C 4 (Q) be a (degenerate) admissible solution of M.19) inVt = B(O,r )\{O} 
with f = in a neighborhood of O. Then u satisfies 
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Proof. For x £ Q close enough to O, u is a solution of (jl.l9|) in the ball B 
B(x,d(x)/2), where d(x) = d(0,x). By Corollary 16.21 if u is C 3 , then u satisfies 

|Vm| 2 (x) < Cd(x)- 2 , 

and if u is C 4 , then u satisfies 

|V 2 m|(x) + \Vu\ 2 (x) < Cd(x)- 2 . 



□ 



6.1. The Proof of Proposition ITTTUl If one traces through the local estimates of 
Guan-Lin-Wang for the quotient equations (jl.2()j) ( |GLW04| ). and in |CtW04[ . or the 
estimates for solutions of 1)1.21)1 in |LL03| . or the estimates for general F in |Che05j . 
then in all cases the presence of the exponential term comes from the right-hand side 
of the equation. Therefore, when / = 0, the same argument presented above leads to 
the scale-invariant estimates for solutions of these equations. □ 

7. Holder Extension 

Next we consider the case of finite volume metrics. As a preliminary observation, 
we note that a corollary of the local estimates is an e- regularity result: 

Proposition 7.1. (See Proposition 3.6 of |GW03bj and Proposition 3.4 of |G V04bj ) 

(i) Let u G C 3 (B(x , p)) be an admissible solution of \1.19i) . ll.2U\) . or M. 21]) . Then 
there exist constants eo > and C = C(eo) such that if 

(7.1) I e~ nu dvol g < e , 

Jb(x ,p) 

then 

(7.2) inf u>-C 2 + log p. 

B(xo, P /2) 

Consequently, there is a constant 

C 3 = C 3 (k,n,e , \\g\\ c ^B(x Q ,p))), 

such that 

(7.3) |Vu| 2 (a;) < C 3 p~ 2 
for all x G B(xq, p/4). 

(ii) Let u G C 4 (B(xq, p)) be an admissible solution of M.lty) . Then there exist con- 
stants eo > and C = C(eo) such that if 



(7.4) / e~ nu dvolg < e , 

Jb(x ,p) 

then 

(7.5) inf u>-C 2 + log p. 

B(x ,p/2) ~ 
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Consequently, there is a constant 

C A = C^(k,n, €q, \\g\\c 4 (B(x ,p))), 

such that 

(7.6) \V 2 u\(x) + \Vu\ 2 (x) < C A p~ 2 

for all x G B(xo, p/4). 

Proof. For solutions of p. 19(1 . p. 20(1 . and p.21j) . this was proved in Proposition 3.6 
of |GW03bj and Proposition 3.4 of |GV04bj . For C 4 solutions of (fTTHjl, this follows 
from the same method of proof, using the local C 2 -estimates from |Che05j . □ 

7.1. The Proof of Theorems 11.221 and 11.231 Suppose u G C 4 satisfies the hy- 
potheses of Theorem 11.221 Since the volume of g u = e~ 2u g is finite, 



(7.7) Vol(g u ) = / e~ nu < oo. 

Jn 

Therefore, there is a radius r± = ri(eo) such that for all x G Vt with d{x) < r±, 

e- nu < e . 



' B(x,d(x)/2) 

From (|7.5|) and ()7.6|) it follows that 

(7.8) u(x) > -C + logd(x), \V 2 u(x)\ + \Vu(x)\ 2 < Cd(x)~ 2 . 

This proves Theorem 11.221 In the case that u G C 3 , and F is as in cases (11.19(1 . 
p. 20(1 . or (jl.21() . the above argument yields the scale invariant gradient estimate 
p. 31(1 . which proves Theorem 11.231 □ 

7.2. The Proof of Theorem 11.241 In Theorem 11.241 we assume that g is LCF 
and u G C 3 is a (strictly) admissible solution of either p. 19(1 . p.20p . or p. 21(1 in 
Q = B(0, r ) \ {O}, with f(x) > Cq > near O. The goal is to show that u can be 
extended to a Holder continuous function u* G C 3 (f2) n C"'{B{0 ) r )). 

We first observe that the Ricci curvature of g u = e~ 2u g is strictly positive: 

Ric(g u ) > c x g u , 

where c\ = ci(min/) > 0. This follows from jG VW03] : see Lemma 4.1 and the 
remark thereafter of |GV04b| for a proof. 
Now, in view of Theorem 11.171 (i) , if 

(7.9) liminf«(a;) > — oo 

x^O 

then we are done. Therefore, we must have 

liminfM(x) = — oo, 

x— >0 

and from part (ii) of Theorem 11.171 it follows that 

(7.10) u{x) < 21ogd(x) +C. 
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Note that since / is not identically zero, the scale invariant gradient estimate is not 
necessarily satisfied, so we only get the upper inequality. To summarize the idea 
of the proof, we first show that (|7.1()jl implies g u has geodesies of arbitrary length. 
However, since g u has strictly positive Ricci curvature, this will yield a contradiction, 
and it will follow that ()7.9|) must hold. 

To analyze the behavior of g u near the singularity let {x 1 } denote conformally flat 
coordinates centered at O, so that = 5ij in Q = B(O,r ) \ {O}. Let us write the 
metric as follows: 

/ 7 11\ -2u -2* i i -4 -2* 

(7.11) g u = e g = e ■ \x\ g = e g+ 
where 

(7.12) * = u-21og|x|, 



(7.13) g± = \x\ V 

Changing coordinates to z> = 2 x J , which are defined on R n \ -8(0, r ), it is easy 
to see that 

(g*)ij(z) = dij. 

Therefore, 

(7.14) g u = e-™5 lJ >e- 2C 6 iy 

The inverted ^-coordinates are only defined on the complement of a ball, so let 
us extend ^ arbitrarily to a function defined on all of R™, and consider the metric 
9 = e- 2 *^-. 

Lemma 7.2. The metric (R n ,^) is geodesically complete. 

Proof. Let x G R n , and let ((t) be a unit-speed geodesic with £(0) = x . Assume 
the maximal domain of definition of ( is [0, T); we want to show that T = oo. We will 
make use of the following property of maximal geodesies: ( : [0, T) — > R™ must leave 
every compact subset of R™ as t — > T. That is, given any compact subset K C R n , 
there exists a tx such that ((t) G R n \ K for all t > tx- For a simple proof of this 
fact, see |Pet98l page 109]. 

Therefore, without loss of generality, we may assume there is a time < a < T 
such that ((t) G R n \ 5(0, R) for t > a. For t > a, by (TTT41 

ICWIi. = W«(C(*))C(t)'C(*) J 

(7.15) > (e- 2c ^Mtyaty 

>e- 2C ^\at)\l 
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Now let b G (a, T), so ((b) G R™ \ B(0,R). Since ( has unit speed, the length of 
C([0, 6]) is given by 



(7.16) 



b = m[o.b}): j b \at)\ gw dt= [ a \(( t )\ gw dt + f\at)\ aw dt 

JO J a 



>a + e~ c ' 2 j \({t)\ Q dt 

J a 



Since segments minimize distance in the Euclidean metric, we have 

, b \at)\odt> |C(6)-C(o)|o. 

J a 

Therefore, 

(7.17) & _ a > e -Ci| C ( & )_ C ( a )) . 

Now, recall that given any compact set K C R", there must be a time tx with 
((t) G R n \ K for t > tx- Therefore, by choosing a large enough compact set we can 
arrange so that ((b) G R n \ K and \((b) — C( a )|o is as large as we like. By (J7.17|) . 
this means we can choose b as large as we like, i.e., T = oo. It follows that (R n , g) is 
geodesically complete. □ 

To finish the proof, g is a complete C 3 metric on R n which has strictly positive 
Ricci curvature outside of a compact set. By Myers' Theorem (see jPet98j), this is 
impossible. More precisely, take any constant N > 0, and choose a point y in R n 
with 1 2/ 1 o > N + R. By the Hopf Rinow Theorem (which is valid for C 3 metrics), 
there exists a unit speed minimizing geodesic ((t) : [0, d(x , y)} — > R n with respect to 
the metric g with £(0) = 0. Choose the smallest time a so that ((t) G R n \ -6(0, R) 
for t > a. From f)7.17|) . we have 

(7.18) d(x ,y)-a> e~ Cl \y - R\ > e - Cl N. 

We can therefore find a minimizing geodesic in R™ \ B(0,R) with arbitrarily long 
length. But from our assumption, together with Newton's inequality, and the estimate 
(iv), g has strictly positive Ricci curvature Ric > eg > 0, on R" \B(0,R), so Myer's 
Theorem gives a upper bound on the length (depending only upon c), which is a 
contradiction. 

Remark 7.3. We remark why this proof does not work in the general (non- locally 
conformally flat) case, even if we assume u G C 4 . The main point is that since / 
is not identically zero, a scale-invariant C 2 -estimate does not necessarily hold (see 
Section El below). In the course of the proof we used Theorem 11.171 which requires 
local conformal flatness, while Theorem 11.151 in the general case requires a scale- 
invariant C 2 -estimate to hold at the singularity. Also, Theorem 11.171 only requires 
the solution to be C^, but we must assume C 3 to be able to apply the tools from 
Riemannian geometry that were used above. 
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8. Integral and Holder estimates for admissible functions 

In this section we prove Theorem 11.261 Let u G C Zo ' c satisfy A u 6 T$ almost 
everywhere in B(O,r ), and once again denote 

v = e? u , 

where (3 is defined in f)1.39j) . We first prove (|1.40|) . from which the Holder estimate 
(I1.41J1 follows. Afterwards we will consider the conformally flat case. 

Proposition 8.1. Let 

(8.1) Po = 2 + - 5 >n. 

Then given any q < p$ — 1, there is a constant C = C(S, q, n, fi, g) such that 

( 8 - 2 ) W Vv h*£v q (B(* ,r/2)) ~ C ( 1+r ' 1 )\\ Vv \\LHB(x ,3r/4))+C\\v\\ Lq(B{x0yr)) . 

Proof. We first show that (|3.2|) implies that v satisfies a certain inequality with respect 
to the p-laplacian: 

Lemma 8.2. Let p be given by \8.1\) . Then 

(8.3) V l (\Vv\ p °- 2 V l v) > -C\Vv\ Po ~ 2 
a.e., where C = C(8,n,g). 

Proof. First, note that (|3.2|) implies 

(8.4) V 2 v + 5Av g + /ivg > a.e. 

for some constant \x = fi(5,n,g) > 0. Now, a simple calculation gives 
V i (\Vv\ p °- 2 V l v) = (p - 2)V 2 v(Vv, Vv)\Vv\ p °-* + Av\Vv\ p0 ~ 2 

= (po - 2) [V 2 v + . 1 Av g + fivg] (Vv, Vv) \ Vv\ Po ~* 
[Pa - 2) 

-fi(po -2)\Vv\ p °- 2 v. 

Since p satisfies 

1 



(Po ~ 2) 



from (|8.4|) we conclude 



v\ p °- 2 v. 



Vi(\Vv\ p °- 2 Viv) > -C|V 

Now, suppose 2 < p < p . Then 

(8.5) iVuf-'V^lVup^Vvi) = ^^\^v\ 2 - po \/MVv\ p °- 2 Vv i ) + ^—^-Av. 

Po — 2 po — 2 



□ 
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By Lemma f8. 21 this implies 

(8.6) \Vv\ 2 ~ p V t (\Vv\ p - 2 Vv i ) > ^—^Av - Cv, 

Po ~ 2 

which we rewrite as 

(8.7) ViflVul^Vui) > ^^\Vv\ 2 - p Av - C\Vv\ 2 ~ p v. 

Lemma 8.3. Suppose v G C l ^ c (B(xo, r)) satisfies \8.Jj\) . Then 

(8.8) Av > c \V 2 v\ -dv 
for positive constants Cq, C\ depending on 5, n, and g. 

Proof. Choose any point P G B(xq, r) at which (|8.4j) holds. Let {y\, t% . . . z/ n } denote 
the eigenvalues of V 2 t>(P). Then Av(P) — V\ H h v n , and (|8.4|) implies 

(8.9) Vi + SAv(P)+tiv(P)>0 
for each 1 < i < n. Summing this inequality for i ^ j 

(8.10) y i + ( n ~ ^-)SAv(P) + n(n - IMP) > 0, 

which gives 

(8.11) -v i + [l + ( n - 1)5] Av{P) + n{n - l)v(P) > 0. 
From ()8.9|) and (|8.1H1 we conclude that each eigenvalue satisfies 

(8.12) [1 + (n - 1)5] Au(P) + > ^ > -<JAu(P) - Cv(P). 
Inequality ()8.8)1 follows immediately. □ 

By (jH3) and (jSgD , 

(8.13) VidVul^Vui) > c[,|Vt;| 2 - p |V 2 t;| - C|Vw| 2 ^ 

for positive constants Cq, C. Let 77 G be a smooth, non-negative cut-off function 
supported in B = B(xo,r), with r](x) = 1 in B(xa,r/2), r)(x) = on B \ B(xo, |r), 
and |Vr/| < Cr~ l . Multiplying both sides of (|8.13jl by 77, integrating and applying 
the divergence theorem gives 

J 7]\V 2 v\\Vv\ p - 2 < C J |V77||Vv| p - 1 + C' / r]\Vv\ 

By Holder's inequality, 

/ f , i\ (p-ty/fr- 1 ) ( f -\1/(P-1) 



\ p ~ 2 v. 



Therefore, by the properties of 77, 

(8.14) / |V 2 t;||V7;| p - 2 < C(l +r- x ) /" |Vt>| p_1 + C / v p ~\ 

JB(x ,r/2) JB(x ,3r/4) J B(x ,r) 
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By the Sobolev imbedding theorem, 
(8.15) 



Iv^^V™ 1)/n < c [ iviv^r 1 ! + CV 1 [ 

B(x ,r/2) ' JB(x ,r/2) J B(x ,r/2) 



p-1 



<C I \V 2 v\\Vv\ p - 2 + Or' 1 iVvl 13 - 1 

'B(x ,r/2) JB(xo,r/2) 



<C7(l+r- 1 ) f |Vu| p_1 + C f 

JB(x ,3r/A) Jb(x , 



Taking q = p — 1, this completes the proof of Proposition 18.11 □ 
Corollary 8.4. We have 

(8.16) / \Vv\p <C(f v 2 ) p/2 

JB(x ,r/2) JB(x ,r) 

for any p < p s = ^zjiPo ~ !)• 

Proof. By tracing (|8.4j) we see that v satisfies the linear elliptic inequality 

Av > -Cv 

in B(xQ,r). Therefore, 

(8.17) / \Vv\ 2 < C [ v 2 . 

JB(x ,3r/A) JB(x ,r) 

Taking p = 3 < p in (I8.15J) and using ()8.17|) gives 

2n \ (n-l)/n f 

Vv < C / f . 



lB(x ,r/2) 7 JB(x ,r) 

If we now take p = 1 + 2n/(n — 1) in ()8.15)1 and continue iterating, we obtain the 
bound 

(8.18) f \Vv\* <C( I v 2 ) p/2 

JB{x Q ,r/2) JB(x ,r) 

for any p < ^zj(po — !)• One can easily check that 



n 



n(l + S) 

Ps = APo - 1) = t ttt > n. 

n — 1 (n — ljo 



□ 



The estimate (jl.4()j) follows from ()8.18j) by interpolation. This gives the Holder 
estimate (fCTjl : 



M|c«(B(z ,r/2)) 



< C 



B(x ,r) 



for any a < 7 — — — 



l+<5 • 



34 



MATTHEW J. GURSKY AND JEFF VIACLOVSKY 



To complete the proof of Theorem 11.261 it only remains to show why in the LCF 
case we can take a = 7 in (jl.41|) . However, this follows from the proof of Theorem 
11.151 recall that in conformally flat coordinates {x 1 } inequality IH.2jl is equivalent to 

(8.19) (didjv + PvAij) 6 T s 

a.e. Defining W(x) = v(x) + A|x| 2 as before, with A >> sufficiently large, we 
can verify that W is a 5-convex. After convolving, we obtain a smooth 5-convex 
mollification Wh, and by Theorem 11.31 Wh satisfies the estimate (|1.41|) with = 7. 
Letting h — > 0, we obtain the same estimate for W and v. 

Remark 8.5. In the locally conformally flat case, we note the proof of (|1.4(Jj) only 
requires the 5-convexity of v, so the estimate (jl.fJj) follows. 
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